To study the aircraft response to a fast pull-up manoeuvre, a short period approximation of the longitudinal model is considered. The model is highly nonlinear and includes parametric uncertainties. To cope with a wide range of command signals, a robust adaptive fuzzy logic controller is proposed. The proposed controller adopts a dynamic inversion approach. Since feedback linearization is practically imperfect, robustifying and adaptive components are included in the control law to compensate for modeling errors and achieve acceptable tracking errors. Two fuzzy systems are implemented. The first system models the nominal values of the system's nonlinearity. The second system is an adaptive one that compensates for modeling errors. The derivation of the control law based on a dynamic game approach is given in detail. Stability of the closed-loop control system is also verified. Simulation results based on an F16-model illustrate a successful tracking performance of the proposed controller.
1.
Introduction H istorically, the trend in the flight control industry has been to use classical techniques for control design (Nelson 1998) . Acceptable performance, simple control structure, and moderate computational burden are the reasons for adopting classical control techniques. The approach is to design several point controllers throughout the operating region and connect them using gain scheduling (Adams, et al 1994) . Interpolation or blending point controllers we often use trial and error with little theoretical guidance. Any performance and robustness guarantees in the individual operating regions are lost in the transition region between point controllers (Spillman 2000) . Dynamic inversion methods avoid the scheduling problem via feedback linearization (Adams, et al 1994) . Like gain scheduling, dynamic inversion does not guarantee performance and robustness since cancellation is practically imperfect.
To enhance the robustness of the inverse flight controller, a design based on µ synthesis is proposed by Reiner et al (1995) . The design utilizes a linearized model of the aircraft. Therefore, it is useful for small uncertainty in the system parameters. A fixed controller is proposed by Chaing et al (1990) for a fighter aircraft with multiple control efforts. One condition along the manoeuvre trajectory is chosen as nominal and several other conditions along the manoeuvre H ∞ trajectory represent the uncertainty for which the robust controller is designed. Sliding mode control is another approach that is suggested by Hedrick and Gopalswamy (1990) to achieve a high g − command and satisfy flying quality specifications. However, control saturation significantly alters the performance for a high g − command.
To take into account the relation between real-time parameter variations and performance requirements, linear parameter varying (LPV) control is examined by Spillman (2000) to determine whether it is practical for large envelop flight control designs. The approach is combined with synthesis to ease conservatism. The method is based on linear matrix inequalities and can be solved using the interior point method (Boyd et al 1994) . The proposed controller does not allow parameters' rates to be modeled nor does it allow the locations of the controller poles to be constrained.
A robust adaptive controller is proposed by Singh and Steinberg (1996) as an alternative approach that ensures stability in the presence of parametric uncertainty. To derive the control law, a hypersurface is designed such that for any trajectory evolving on this surface, the system tracking error tends to zero. The objective of the control law is to drive the system error to the required hyper-surface. However, the derivation assumes that the unknown nonlinear terms depend linearly on the parameters to be estimated. Recently, an adaptive fuzzy logic algorithm was proposed for flight control systems (Wilson, 2000) . An inner loop controller is designed based on a linearized aircraft model. Then, an outer-loop controller is employed based on fuzzy logic.
We propose here a robust adaptive fuzzy-logic algorithm for flight control during a fast pullup manoeavre. The control law is based on feedback linearization. Since feedback linearization can hardly be exact, the control law is augmented to include adaptive and robustifying components so that the system can cope with modeling uncertainties and achieve acceptable tracking. In section 2, an F-16 short-period approximation of the longitudinal model is introduced. The need for a robust adaptive fuzzy-logic controller is discussed. In section 3, adaptive fuzzy-logic control is reviewed. Although it does not guarantee robustness, it is used to develop a fuzzy model for the nominal nonlinearity of the system. The estimate of the nominal nonlinearity is used in the control law of section 4 for feedback linearization. A complete derivation of the proposed control law is presented in section 4. In section 5, the implementation details and simulation results are depicted. Section 6 concludes the paper.
Modeling equations and design objectives
The aircraft motions can be classified as lateral and longitudinal motion (Nelson 1998) . The rolling and yawing of the aircraft characterize the lateral motion. In the longitudinal mode, one assumes that the motion is confined in the vertical plane. Our interest here is directed to the command, a fast pull-up manoeavre that takes place in the vertical plane. Hence, we focus on the longitudinal dynamics. The phugoid and the short period modes characterize the longitudinal dynamics of an aircraft. The phugoid period is an order or two longer than the short period mode. To study the aircraft response to the g − command, it is sufficient to consider a short period approximation of the longitudinal dynamics. The required model is derived by assuming that the aircraft horizontal velocity U remains constant and by dropping the pitch angle from the states.
The short-period approximation of the longitudinal model, referred to the aircraft body frame, is summarized in Lee and Hedrick (1994) 
t V is the aircraft speed, q is the dynamic pressure, and the coefficients are responsible for the lift, drag, and pitch moment of the aircraft. The definitions and typical numerical values of the variables and parameters used in (1)-(6) are given in Appendix 1.
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The output y is the normal acceleration felt at the pilot's position.
A n is the acceleration at the center of gravity of the aircraft. Equations (1), (2), (3), and (7) can be written as
where
It is straightforward to show that ( ) As shown in Lee and Hedrick (1994) 
is non-zero. Hence, the nonlinear system (9)-(10) has a relative degree equal to one and admits feedback linearization. Choose the control law as
We select v such that the output would track a reference trajectory . This is achieved by
In the ideal case, the positive constant k determines the location of the closed loop pole of the error model. The error signal is defined as (Kosko 1997) . From the implementation point of view, adaptive fuzzy systems are attractive since they depend linearly on the parameters to be estimated. In section 3, an adaptive fuzzy-logic controller is derived. The control law becomes
where ζ is the vector of fuzzy basis functions to be defined later, ∆ θˆis the vector of estimated parameters used to model ( ) x ∆ , and β θˆ is the vector of estimated parameters used to model ( )
According to the universal approximation theorem (Wang 1994) , there exist fuzzy systems that approximate the functions ( )
with arbitrary accuracy. However, to avoid the rule explosion phenomenon, the size of ζ is kept small. This helps in reducing the rule base and lightening the computational burden but introduces modeling errors and raises the robustness issues. In section 4, we redesign the control law such that the effect of modeling error is accommodated and compensated for.
Adaptive fuzzy-logic control of the longitudinal motion
In this section, we design an indirect adaptive algorithm to control the aircraft acceleration so that it tracks a given g − command. The control law is given in (18). As pointed out earlier, the estimates will have modeling errors when they are compared with their true values βˆ and ∆ β and ∆ . In Wang (1994) , a supervisory controller is added to the control law to ensure robustness. The supervisory controller utilizes a sign function and may lead to chattering so it is not used here. In this paper, we will use the estimates ∆ as nominal values of . Equation (21) can be written as
where 
The estimation errors, ∆ θ~and β θ~, are defined as 
The weighting factor, p, and the weighting matrices, ∆ Γ and β Γ , are positive definite. The time derivative of (30) along the trajectory (29) is
The adaptation laws are chosen as
Equations (32) and (33) force the right hand side of (31) to be negative definite. Hence, equation (30) becomes a true Lyapunov function and the error model (29) is asymptotically stable. Although it is possible to argue that adaptive fuzzy logic control ensures that ( ) t e will converge to zero, we have to remember that the above discussion overlooks the modeling errors ( ) * ∆ − ∆ and ( ) * − β β . These modeling errors are inherent in fuzzy models because of the limitations on the sizes of the rule bases. In Wang (1994) , a supervisory control signal is added to the adaptive fuzzy controller to ensure stability. However, the supervisory control signal is implemented using a function and may lead to the well-known chattering phenomenon. This observation motivates the use of the robust adaptive fuzzy controller that is derived in section 4.
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Robust adaptive fuzzy-logic control

Consider the input-output differential equation (11). Assume that the nominal values
( ) 
Define o ν and γ as follows
The control signal u , defined below, consists of two components; an adaptive fuzzy component and a robustifying component. Substituting (36) and (37) into (35), it is possible to write the system error model as 
Let be a fuzzy system that would approximate * γ γ with an acceptable accuracy ε , i.e.
The fuzzy system is defined as * γ ( )
where * γ θ is the optimal parameter vector that satisfies (39) Noting that γ ε acts as a disturbance applied to the error model (43), the calculations of γ θˆ and will be based on a dynamic game approach (Chen et al 1998) . The objective is to find the optimal control law u that minimizes a performance index, 
where , q , r and ρ are positive weighting factors to be chosen by the designer and they have a standard interpretation in the optimal control literature. Equation (44) can be rewritten as
Carrying out the derivative inside the integral sign and substituting for from (43), we can rewrite (45) as 
By completing the squares, it is possible to rearrange (46) as 
The minimax problem is achieved by selecting
The optimal control law (49) guarantees the worst-case error to be
It follows from (39) and (51) 
The time derivative of (52) along the trajectory (43) 
Using (49)- (51), it is possible to rewrite (53) as
It is clear that the right hand side of (54) So, we conclude that the proposed control algorithm stabilizes the aircraft error model (43). The implementation details and some simulation results of the proposed controller are given in section 5.
Implementation of the proposed controller
In this section, we illustrate via simulation the performance of the proposed controller. The implementation steps can be summarized as follows: Practically, the projection algorithm is implemented, instead of (51), to guarantee a bounded estimate γ θˆ (Wang 1994) .
4-Calculate the control signal u . It follows from (34), (36), (42), and (49), that u is given by 
Conclusions
The short-period approximation of the aircraft longitudinal model is highly nonlinear. Fuzzy logic has been used to compute the nominal values of such non-linearity. Based on the nominal values of the non-linearity, conventional feedback linearization has been modified to ensure robustness and acceptable performance. Adaptive and robustifying components have been added to the feedback linearization control law. The derivation of the proposed controller has been given in detail. It has been also shown that the tracking error has remained finite and made small using a certain tuning parameter. The stability of the proposed control system has been verified using the second method of Lyapunov. Simulation results have confirmed our theoretical analysis and demonstrated the capability of the system in tracking a high g-command with acceptable error and control activity.
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